We have now entered the new era of high-resolution imaging astronomy with the beginning of the Event Horizon Telescope (EHT). The EHT can resolve the dynamics of matter in the immediate vicinity around black holes at and below the horizon scale. One of the candidate black holes, Sagittarius A*, flares 1-4 times a day depending on the wavelength. A possible interpretation of these flares could be hotspots generated through magnetic reconnection events in the accretion flow. In this paper, we construct a semi-analytical model for hotspots that include the effects of shearing as a spot moves along the accretion flow. We then explore the ability of the EHT to recover these hotspots. Even including significant systematic uncertainties, such as thermal noise, diffractive scattering, and background emission due to an accretion disk, we were able to recover the hotspots and spacetime structure to sub-percent precision. Moreover, by observing multiple flaring events we show how the EHT could be used to tomographically map spacetime. This provides new avenues for testing relativistic fluid dynamics and general relativity near the event horizon of supermassive black holes.
INTRODUCTION
The Event Horizon Telescope (EHT), has an unparalleled resolution of 20µas, providing the ability to resolve the event horizon's of at least two black holes (Doeleman et al. 2008; Doeleman et al. 2009; Event Horizon Telescope Collaboration et al. 2019a,b,c) . This is accomplished by using very long-baseline interferometry (VLBI) with stations spread across the Earth. Previous studies of Sagittarius A* (Sgr A*) have already provided constraints on the size of the central object Fish et al. 2016; Ortiz-León et al. 2016; Johnson et al. 2015) and the nature of its accretion flow Broderick et al. (2011 Broderick et al. ( , 2016 and imaged the central ring feature of M87 Event Horizon Telescope Collaboration et al. (2019a,d,e,f) .
One of the primary science goals of the EHT is to probe accretion and spacetime in the strong-gravity regime. Many of these methods involve using time aver-ptiede@perimeterinstitute.ca hpu@perimeterinstitute.ca aged measurements by creating static images (Akiyama et al. 2017; Broderick et al. 2014; Chan et al. 2015; Johannsen et al. 2016b) . Time averaging, however, creates a degeneracy between when and where emission arises near the black hole. By exploring time variability, we can break this degeneracy and explore the dynamics of the emission region and structure of spacetime.
While M87 is static over a day, Sgr A* displays strong variability through flaring events (Genzel et al. 2003) that can often (especially for bright X-ray flares) be seen (almost) simultaneously across multiple bands (Fazio et al. 2018) , from sub-millimeter , to infrared (Gillessen et al. 2006; Witzel et al. 2012; Witzel et al. 2018 ) and X-ray (Neilsen et al. 2013; Ponti et al. 2017) . This emission appears to come from a compact region near the innermost stable circular orbit (ISCO) of the black hole and is presumed to be from dynamical structures within the accretion flow (Marrone 2006; Gillessen et al. 2006; Gravity Collaboration et al. 2018 ). An explanation for these flares comes from the creation of localized "hotspots" of non-thermal electrons in the accretion disk surrounding the black hole and has been proposed by several authors: Broderick & Loeb (2005 ; Eckart et al. (2006) and previously Dovčiak et al. (2004) . A natural origin is magnetic-reconnection events within the accretion disk analogous to solar flares, an unavoidable consequence of radiatively inefficient accretion models.
Previous work on modeling orbiting hotspots assumed compact spherical Gaussian structures that remain coherent during its orbit (Broderick & Loeb 2005 . In general, however, hotspots are expected to be embedded within a differentially rotating accretion disk, and therefore will shear and expand. Furthermore, shearing due the differential flow of an accretion disk can lead to large observational differences for NIR flares (Eckart et al. 2008 (Eckart et al. , 2009 Zamaninasab et al. 2010) . For the EHT, including shearing may be imperative since it is sensitive to horizon scale physics. To address these concerns, we developed a computationally efficient model including generic shear and expansion, while ensuring that spot number density is locally conserved.
As hotspots orbit, they probe different parts of spacetime. By observing a flare, we not only probe the null structure of spacetime from the emission but also how massive matter evolves in the vicinity of the event horizon. As we will show below, observing a single hotspot with the EHT may lead to high precision spin measurements. Furthermore, since each hotspot will form at different radii, every flare will probe different regions of spacetime. Combining multiple flares would then amount to constructing a tomographical map of spacetime, leading to a new test of GR in the vicinity of black holes.
In practice, recovering the hotspots from EHT observations could be difficult. The effective beam size of the EHT is 13µas, meaning that the hotspot may not be sufficiently resolved by the EHT to precisely probe spacetime. Furthermore, there are several important systematics present for Sgr A*, such as scattering and the background accretion flow. To address these questions we used Themis (Broderick et al. in prep.) , a Bayesian parameter estimation framework designed for use with the EHT. Themis was designed to recover the posterior for models applicable to EHT observations and was used extensively in the first EHT results on M87 Event Horizon Telescope Collaboration et al. (2019a,e,f) . Therefore, we will numerically explore the ability of the EHT to perform inference on hotspots using synthetic data that matches the configuration of the EHT 2017 array and address the impact of some potential systematics. This paper is organized as follows. In Section 2 we present an original hotspot model that incorporates shearing and expansion while conserving particle number. Section 3, explores the ability of the EHT in the 2017 configuration, to extract a hotspot from potential observations of Sgr A*. As a result, we analyze whether the differential flow parameters such as angular velocity and black hole spin, are degenerate. Additionally, we study how the background flow, scattering, and the accretion disk inclination relative to our line of sight impact our results. Section 4 details how multiple hotspots can be used to tomographically map spacetime using the EHT and constructs hypothetical maps using the EHT.
2. HOTSPOT MODEL Hotspot models have been used to explain flares and variability in Sgr A* observations using coherent Gaussian hotspots Broderick & Loeb (2005 . Later models allowed for adiabatic expansion (Eckart et al. 2009 ) and shearing (Zamaninasab et al. 2010) . However, in the latter work, the emission was restricted to a 2D disk and radiative transfer effects were ignored. Here, we describe a model that includes both shearing and expansion of a hotspot along a stationary and axisymmetric velocity field. Furthermore, this model includes the 3-dimensional structure of the hotspot and includes the effects of radiative transfer as will be described below. Additionally, we describe a semi-analytical procedure for evolving the hotspot density that is marginally more computationally expensive than the coherent hotspot model.
Density profile evolution
In Broderick & Loeb (2005 , hotspots are modeled by orbiting, symmetric Gaussian electron overdensities. The orbital position of the center of the spot, y µ 0 is determined by integrating the accretion flow fourvector field u µ around which the hotspot number density is given by, n e (y µ ) = n 0 e −(∆r µ ∆rµ+(∆r µ uµ) 2 )/(2R 2 s ) ,
where ∆r µ = y µ − y µ 0 , is the displacement vector from the center of the Gaussian spot, R s the spot size, and u µ is evaluated at the spot center. While this model is computationally efficient, it ignores the potential for differential motion within the spot. For a Keplerian velocity field, this approximation is rapidly violated: the inner edge of the spot has advanced relative to the outeredge by one radian in r/3πR s orbits; within 1/3π orbits it has advanced by R s .
Therefore, we will assume that a hotspot will travel passively on some specified (e.g. background accretion flow) velocity field u µ . That is, the density is described by the continuity equation coupled with the condition that the particles move with the background flow:
We will denote the solution family of Equation (3) by the map ϕ τ (y µ ). By fixing y µ we can consider x µ (τ ) = ϕ τ (y µ ) as describing the motion of a particle at some time τ . Namely, x µ (τ ) satisfies Equation (3), with initial condition x µ (τ = 0) = y µ . On the other hand, if
Frames of a shearing spot movie intensity map in log-scale, with 64 × 64 image resolution set around Sgr A*. The movie lasts for two Keplerian orbits at a radius of 5.23M , and contains 12 frames in total. The parameters are a * = 0.5 cos Θ = 0.5, n0 = 5.5 × 10 7 , Rs = 0.5M, r0 = 5.23M 1.25 rISCO, φ0 = −90 • , α = 0.05, κ = 0.95.
we consider τ as fixed then φ(y µ ) = ϕ τ (y µ ) describes the coordinates of a family of observers at rest with the background flow. Therefore, we can say for small τ that ϕ τ (y µ ) forms a 1-parameter family of diffeomorphisms. Therefore, we can solve Equation (2) using the method of characteristics, giving
and n e (τ,
where y µ = ϕ −1 τ (x µ ) is the initial position of the spot and n e,0 the initial proper density profile. We can simplify this further by noting
and thus,
(7) Interpreting this result physically, we see that there are two forms of expansion included in the model. The first is spacetime expansion and is encoded by the ratio of the metrics. The second is the expansion of the velocity field itself irrespective of the background spacetime. Note that for a hotspot outside the innermost stable circular orbit (ISCO) traveling on a Keplerian orbit, Equation (12) simplifies to n e (τ, x µ ) = n e,0 (y µ ), since g(x µ ) is constant and ∂ µ u µ vanishes. This does not mean that there is no deformation, as y µ = ϕ −1 τ (x µ ). Instead, the only deformation is due to shearing which does not affect the proper density 1 . Note however, that this is an idealization and in reality the hotspot will adiabatically expand during its evolution, meaning that its proper density will decrease over time.
In this paper, we will focus on hotspots orbiting in the equatorial place, although the density extends outside. Furthermore, we will assume that the spot has negligible vertical motion compared to radial and azimuthal motion. To describe our vector field we follow Pu et al. (2016) . A form of the accretion flow that obeys the restrictions mentioned above can be parameterized by
The normalization condition u µ u µ = −1 for a black hole metric in Boyer-Lindquist like coordinates gives
From this we can see that we require that g tt + 2Ωg tφ + Ω 2 g φφ < 0. To specify u r and Ω we will use a combination of Keplerian and free-fall motion. Namely,
where α, κ ∈ [0, 1], are two free-parameters that control the rate of free-fall and the sub-Keplerian motion respectively. Note that our definition of α differs from that of Pu et al. (2016) . For the Keplerian component, outside the ISCO, u r K = 0. Inside the ISCO u r K = 0 and is specified by matching the energy and angular momentum at the ISCO. This choice of velocity field brackets a useful collection of accretion flows. For example, taking α = 0, κ = 1 gives a Keplerian orbit and α = 0, κ = 0 free-fall motion.
Due to the fact that this vector field is independent of the coordinates t and φ, we have that ∂ µ u µ = ∂ r u r . Therefore, ∂ µ u µ = (u r ) −1ur , and Equation (5) simplifies to
This semi-analytic formula greatly increases the computational speed of the hotspot, and is the same order of computational complexity as the coherent spot used in Broderick & Loeb (2005) . As a final note, in principle, any smooth function could be used for the initial density profile. However, in this paper, we will assume that the spot is initially given by Equation (1). There are two reasons for this. First, this profile allows us to compare the hotspot evolution results to Broderick & Loeb (2005 . Second, since any image will be distorted by the interstellar scattering screen (Bower et al. 2006; Johnson et al. 2018) , whose diffractive or blurring component is effectively a Gaussian with a semi-major axis of 22µas most small-scale structure of the hotspot will be unresolved. Therefore, since we are assuming that a hotspot forms from local microphysics, i.e. fast magnetic reconnection, we expect it to be contiguous, and the initial profile can be approximated as a Gaussian.
Radiative transfer and Ray-tracing
To create hotspot models that can be compared to EHT data, we need to create realistic images. This means that near the black hole, general relativistic (GR) and radiative transfer effects need to be included. These effects include the geometric and gravitational time delays across the source (often called "slow light") and the strong gravitational lensing that magnifies the emission region and produces secondary images associated with photons that complete half orbits around the black hole. Furthermore, optical depth becomes important near the black hole since material moving towards the detector will have an increased apparent density due to Doppler effects, making it optically thick.
To incorporate these effects we use the covariant raytracing and radiative transfer code VRT 2 (vacuum raytracing radiative transfer). For the EHT observation band (230GHz) we assume the hotspot spectra in the plasma rest frame is given by the synchrotron selfabsorption model from Broderick & Blandford (2004) , with a local plasma energy spectral index of s = 2.25. At the observing frequency of the EHT (∼ 230GHz), synchrotron cooling processes will be sub-dominant to the shearing timescale. The shearing timescale is roughly the orbital period of the hotspot around Sgr A*. Taking the hotspot to be around the ISCO, we get t shear ∼ 10 − 30 min for a 4 × 10 6 M black hole. The timescale for synchrotron cooling can be estimated from t synch ∼ 3 × 10 7 ν −0.5 9 B −3/2 s, where ν 9 is the frequency in GHz and B is in Gauss. Taking B ∼ 10 − 50 G we find that t synch ∼ 1 − 20 hours at 230 Ghz. Therefore, in this paper we ignore the cooling break and evolution during the hotspots orbit. Note that in the other bands, e.g., the near-infrared and X-ray, cooling and inverse Compton effects likely become important (Fazio et al. 2018) and will need to be included.
To model the magnetic field assumed to arise from an accretion disk, we followed Broderick et al. (2016) and used a toroidal magnetic field with a fixed plasma beta set to 10. Below we will also consider what happens when the hotspot is embedded in an accretion flow. In this case, we use the accretion flow model from Broderick et al. (2016) . This model includes thermal electrons set in a radial power law in density and temperature, where the power-law indices for the thermal electron and temperature distribution are −1.1, −0.84 respectively. Furthermore, we also include non-thermal electrons with a radial power-law index −2.02 for the number density, and 1.24 for the photon spectral index. Note that these parameters were chosen to match the values in Broderick et al. (2016) , which are the best fit values to the spectrum of Sgr A*.
The optical depth of the hotspot depends on a number of quantities, such as the proper density of the hotspot, its orbital parameters, and the orientation of the orbital plane relative to our line of sight. For instance, a hotspot near the ISCO at 230 GHz with an inclination angle of 60 • , will tend appear to be optically thick when it is moving towards us due to Doppler beaming and when moving away will be optically thin. Furthermore, as the hotspot shears its effective optical depth will change. All of these effects are automatically included into the relativistic radiative transfer that occurs in the construction of each frame of the movie.
This completely describes the shearing hotspot model used in this paper. In summary, this model, ignoring any spectral information, requires 10 parameters to describe the evolution which are:
1. spin parameter a * .
cosine of the inclination, cos Θ of the black hole
relative to the image screen.
3. Spot electron density n 0 in Equation (1).
4. Spot characteristic size, R s , in units of M 2 from Equation (1).
5. Spot injection time, t 0 , in units of M for an observer: the time which the spot is instantaneously injected into the accretion flow. The actual spot appears at a fixed proper time for an observer in a locally flat co-moving frame with u µ . This means for the observers time, the hotspot gradually starts to appear. 3 6. Initial hotspot radius, r 0 , i.e. the position of the spot center in BoyerLindquist coordinates when it is initially injected.
7. Initial hotspot azimuthal angle, φ 0 , i.e. the angle in Boyer-Lindquist coordinates of the hotspot center when it is injected into the accretion flow.
8. Radial accretion flow parameter, α, in Equation (10).
9. Angular accretion flow parameter, κ, in Equation (11).
10. Position angle of black hole spin and orbital axis, ξ.
Figure 1 presents a 12 frame movie with the parameters a * = 0.5, cos Θ = 0.5, n 0 = 5.5 × 10 7 , R s = 0.5,
The initial time of the spot was chosen to be −6M due to time delay effects from ray-tracing. The inclination was chosen to be equal to the expected inclination for a uniform distribution on a sphere, which is close to the observed inclination found in Broderick et al. (2016) . Different inclinations will be explored in Section 3.4. Additionally, we chose the initial azimuthal angle of the hotspot to be −90 • to ensure that when the spot first passes in front of the black hole relative to our line of sight it hasn't appreciably sheared. The initial radius was chosen to be close to the ISCO since this is where a hotspot would be expected to be found, which was recently seen in Gravity Collaboration et al. (2018) . Furthermore, an exploration of how radius and spin effects the images will be discussed below. The accretion flow parameters α and κ were chosen to be close to a perfect Keplerian motion since we anticipate this will be the motion of the accretion disk in Sgr A*. The radial size of the spot R s was chosen to be 0.5M to test the ability of the EHT to resolve spots similar to the beam size of the EHT. The total observation time was 2T K at the initial spot location, where T K is the Keplerian orbital period and for a spot at 5.3r ISCO = 53 min. Each of the twelve frames has a resolution of 64 × 64. While higher resolutions can be used, we made this choice for two reasons:
First, it is low enough to allow for movies to make in a reasonable timescale for parameter estimation. Second, higher resolutions did not appreciably impact parameter estimation, which is presented in the next section.
SHEARING HOT SPOTS WITH THE EHT
To assess whether the EHT has sufficient fidelity to recover a shearing hotspot's parameters, we need to first convert our ray-traced movies, such as the one shown in Figure 1 , to the VLBI data that, e.g., the EHT 2017 array will observe. The EHT, like all VLBI arrays, measure not the intensity map of an image but instead quantities associated with its Fourier transform, namely the complex visibilities. Each pair of EHT stations form a baseline for which a complex visibility is recorded. In this section, we will describe the procedure we used to convert our images into EHT synthetic data. In the first part, we describe what observables the EHT measures in more detail, and how we create synthetic data for the movie shown in Figure 1 . In the second, we report a Bayesian MCMC parameter estimation exercise and analyze the EHT's ability to reconstruct shearing hot spot parameters from the simulated data. In the third part, we will analyze the impact of two systematics (diffractive scattering and a background RIAF) will have on the parameters posterior distribution. In all cases, we find that the EHT can recover all the true hotspot parameters to sub-percent precision at 95% confidence about the median.
Creating Synthetic EHT Data
To explore how well the EHT can recover hotspots, we first need to convert the movie into interferometric EHT data. The EHT measures complex visibilities defined by,
Due to phase calibration issues from atmospheric turbulence, the phases of individual stations are practically randomized. To get around this, visibility amplitudes (VA), |V ij |, are used, for which calibration or gain uncertainties are typically around 10% and can effectively be modeled (see Broderick et al. (in prep.) ). To recover some information about the complex phase of the visibilities closure phases (CP) are constructed
which are just the sum of the phases of a triplet of visibilities. Because the baselines close, i.e., they form a triangle (u, v) ij + (u, v) jk + (u, v) ki = 0, all station-specific gain errors vanish from the CPs.
In this paper, we will use VA and CP data to explore the ability of the EHT 2017 to reconstruct shearing hotspot parameters at 230GHz. To convert spot intensity maps into interferometric data we use the Event Horizon Telescope Imaging Library (eht-imaging) 4 ; (Chael et al. 2016 (Chael et al. , 2018 Chael et al. 2019) ). eht-imaging provides the ability to convert intensity maps into VA and CP data that uses the EHT 2017 array configuration including the correct baseline information, atmospheric thermal noise, and gain errors. This allows us to directly sample the image at the baselines the EHT will sample in a given observation window. We created an observation at 51544MJD starting at 1800hr with scan and integration time of 61s and 31s respectively. The total observation was 53 min, which corresponds to two Keplerian orbits for a spot at 5.25M . The specific baselines we used are shown by the white points in Figure 7 . We also include Gaussian thermal noise in all observations, where the error, σ ij , for the (i, j) baseline is determined by
where ν bw is the bandwidth of the observation which we set to 4 × 10 9 Hz, 2ν bw t int is the number of independent samples of the two station baseline (i,j), and the 1/0.88 factor is due to two-bit quantization (Thompson et al. 2017 ). Furthermore, the SEFD (System Equivalent Flux 4 https://github.com/achael/eht-imaging Density) of each station are provided by eht-imaging.
While gain errors can be included by eht-imaging, we will ignore their impact for simplicity. When creating the synthetic VA and CPs we placed a signal to noise ratio (SNR) cut of 2 on every baseline and debiased the VA's according to
This allows us to approximate the error distributions of the VA and CP as a Gaussian to < 10% accuracy (Thompson et al. 2017; Broderick et al. in prep.) . Furthermore, and SNR cut of 2 only removes a handful of measurements. The resulting visibility amplitudes and closure phases for a few baselines as a function of time are shown in Figure 2 . Short baselines, which probe large scales, show modest variations associated with the hotspot, consistent with the light curve. In contrast, long baselines, which probe small scales, exhibit large variations, associated with the rapidly varying structures within the image. In both cases, the variations are easily identifiable, substantially exceeding the thermal noise. To quantitatively examine the ability of the 2017 EHT array to recover and constrain hotspot parameters we use MCMC to recover the posterior distribution. To accomplish this, we used the software suite Themis. Themis is a highly extensible parameters estimation framework that was developed to deal with modeling and feature extraction of EHT observations. Furthermore, it can easily accommodate time variable structures. For more information about Themis see Brod-erick et al. (in prep.) . For modeling, we used Themis' non-marginalized Gaussian likelihoods for both the visibility amplitudes and closure phases.
Extracting spacetime and spot parameters with Themis
We expect EHT observations during quiescent, nonflaring periods to place strong constraints on the orientation of the black hole spin and the images azimuthal orientation. Therefore, we hold the black hole inclination, cos Θ, and image position angle, ξ, fixed to their "true" values during each MCMC run. The reasoning behind this is that when analyzing a real data set, we expect that imaging studies will provide a prior estimate for both parameters. In principle, these parameters could be allowed to vary, however, we found that it does not alter any of the results below.
Flat priors where chosen for for a * ∈ (0, 1), R s ∈ (0.01, 10), t 0 ∈ (−200, 200), r 0 ∈ (1.5M, 20M ), φ 0 ∈ (−π, π), α ∈ (0, 1), κ ∈ (0, 1), and n 0 used a logarithmic prior, ranging from 10 3 to 10 12 . For the MCMC sampler we used the parallel tempered affine-invariant sampler originally detailed in Goodman & Weare (2010) ; Vousden et al. (2016) , with 48 walkers, 6 tempering levels, with temperature swaps every 50 MCMC steps. To speed up convergence the walkers were started at the true values of the model. A single run for 1000 MCMC steps took 150 000 core hours, on the Calcul Quebec and Compute Canada cluster Mp2.
The joint parameter posterior probability distributions are shown in Figure 3 . Every spot parameter is recovered with sub-percent accuracy. For example, the median spin and its 95% confidence interval was a * = 0.50002 +0.00017 −0.00023 . Every marginalized distribution was single-peaked, showing no apparent degeneracies using the EHT 2017 array. The minimum reduced chisquare was found to be 1.0001 with 1640 degrees of freedom. Therefore, we conclude that the EHT 2017 array can accurately recover isolated shearing hotspots around Kerr black holes with high precision and accuracy. While these results are encouraging, we have ignored all potential systematics except the thermal noise present in the array. In the next section, we will study the impact of a few potential systematics that are important for Sgr A*.
Adding Systematics -Scattering and Background
flows In practice, the idealized observations described in the previous section are not directly applicable to EHT data, which are subject to a variety of additional systematic effects. Therefore here, we analyze how some of these systematics modify our conclusions. We focus on two systematics that are expected to dominate the error budget: diffractive scattering and a background accretion flow. Additionally, we analyze the impact of different inclination angles of the accretion disk on our parameter estimation.
Diffractive Scattering
Emission from SgrA* is scattered by interstellar electrons (Bower et al. 2006; Johnson et al. 2018; Issaoun et al. 2019) . This both blurs the image (diffractive scattering) and stochastically lenses the image (refractive scattering). We consider the implications of the former for the reconstruction of shearing hot spots here, leaving the latter for future work. Diffractive scattering has the effect of washing out any structure below the scale of the blurring kernel. For our kernel, we use the em-pirically determined, wavelength-dependent asymmetric Gaussian kernel from Bower et al. (2006) with parameters,
where θ maj,min is the FWHM of the semi-major/minor axis of the Gaussian scattering ellipse and ψ = 78 • its orientation. At 230GHz this corresponds to a semimajor axis FWHM of 22µas. The impact of diffractive scattering on the image is shown in the left panels of Figure 4 . As expected, the diffractive scattering removes structure smaller than the typical kernel size of the image. For visibility amplitudes (right panels of Figure 4) , this corresponds to the suppression of visibility amplitudes at high baselines length. The impact on the direct EHT observables for the hotspot movie in Figure 1 is shown in Figure 5 . Here we see that at long baselines, i.e. the SPT+ALMA baseline, variations in the VM are damped. Note that since the scattering Kernel is a Gaussian the closure phases are not modified.
RIAF Background
While hotspots can contribute substantially to the image flux, the main source of emission, the accretion disk, will typically dominate. Where it does not, its opacity will still obscure the hotspot emission. To include the impact of an accretion disk we included a radiatively inefficient accretion flow (RIAF) model from Broderick et al. (2016) fitted to past proto-EHT observations of Sgr A*. Figure 4 , demonstrates how the RIAF background impacts hotspot movies. The impact is twofold. One, we see that regions, where the emission is very dim, is washed out by the background RIAF. Secondly, and most importantly, is the impact of optical depth from the background accretion flow. This effect is especially pronounced in the Doppler boosted region of the disk. In this region, the spot becomes entirely washed out after it passes through the ISCO. This suggests that hotspots appearing inside the ISCO will be much harder to observe with the EHT.
In terms of EHT observables, we see how the RIAF impacts the visibilities and images in Figures 4 and  5) . After adding the RIAF, the spot brightness above the background drops from 0.8Jy to 0.5Jy from optical depth. The impact of optical depth is even more pronounced after the spot makes two complete orbits 5 , as is seen in the third panel of the third column of Figure 4 . Before adding the RIAF, the hotspot extends across the entire face of the black hole and the secondary emission is visible. After, the hotspot is practically invisible. SMA+ALMA+SPT SMT+SMA+ALMA Figure 5 . Impact of scattering and a background RIAF on the VM (top) and CP (bottom) as the spot falls into the black hole. We again use the same 12 frame movie parameters as shown in Figure 2 Another way to see this impact is by analyzing how the light curve of the spot changes as the initial radius Figure 6 . VLBI lightcurves for a shearing spot with blurring and a RIAF background, around a black hole with spin parameter a * = 0.5, at the four different radii specified in Table 11 . The units of the x-axis are given as a fraction for the Keplerian orbital period TK at the initial radius for the respective spot. of the spot moves inwards, which is shown in Figure 6 .
To assure a fair comparison as the initial radius of the hotspot is changed, we decrease the density constant n 0 too. This ensures the maximum brightness of the spot fixed to ∼ 0.5Jy. Analyzing Figure 6 as the starting radius of the hotspot is moved inwards, it moves into the optically thick region sooner. This leads to the second orbit of the spot is increasingly obscured. As we will see below, for hotspots starting inside the ISCO, this negatively impacts the ability of the EHT to recover hotspots.
Impact of systematics on parameter estimation
To estimate the impact of the systematics on the parameter estimation, we use the procedure described in subsection 3.2, with identical starting parameters, priors, and sampler options, but including the RIAF and blurring to the model when applicable. The impact of the systematics on the posterior distribution is shown in Figure 7 . Blurring does not appear to impact the posteriors substantially. One reason for this is that diffractive scattering doesn't change closure phases. Additionally, looking at Figure 4 , blurring is a multiplication of the VA and can easily be inverted through modeling, since the kernel has no nulls in visibility space. However, when the background RIAF and diffractive scattering are both included the posteriors do broaden. For the black hole spin, the range of the inferred values increases by roughly a factor of two. However, we still have sub-percent precision, finding that a * = 0.5001 +0.00073 −0.00129 . Therefore, even with blurring and a RIAF background, the EHT 2017 array can recover hotspots and subhorizon-scale physics to high accuracy.
In the absence of a background RIAF, all spacetime constraints arise from the shearing hot spot. In the presence of a RIAF, the morphology of the quiescent accretion flow provides additional information (Johannsen et al. 2016a ). Thus, we seek to assess the improvement in the spin measurement, arising from the inclusion of the hot spot relative to the background RIAF. Namely, if the spots are improving the measurement of spin, we would expect the bound on the spin to improve relative to just fitting a RIAF background during the same observation. To test this, we used the same array configuration as for the hotspot simulations, and then created simulated data of a RIAF with the same parameters used previously. The results are shown by the black curves in Figure 7 , which compares the joint probability distribution for the spin and two accretion flow parameters. For the case of the RIAF, we find the spin is given by a * = 0.49964 +0.00128 −0.00213 . The 95% errors are then 70% larger than the hotspot and RIAF model. Therefore, we indeed see that catching a flare does improve EHT measurements of spin.
The impact of disk inclination
We have shown that the inclusion of a scattering screen and background accretion flow does not drastically alter our ability to extract hotspots. However, most of the conclusions so far have assumed that the inclination of the accretion disk is Θ = 60 • . While this angle does match what Broderick et al. (2016) found for Sgr A*, the uncertainty in the inclination is quite large. Furthermore, Gravity Collaboration et al. (2018) found that the inclination angle of the orbital plane of the hotspot motion was ∼ 30 • during a flare. Figure 8 illustrates how the inclination angle changes the morphology of an image. As the inclination angle decreases, the impact of the lensed emission from the hotspot is suppressed since the disk becomes optically thick. Additionally, the variability of the light curve becomes subdued since the hotspot doesn't "disappear" behind the black hole at Θ = 30 • , 8 • .
To analyze how disk inclination impacts hotspot measurements, we again followed the same procedure as above. That is, we created a twelve frame movie with scattering and background RIAF, and used eht-imaging to create a simulated dataset with the same array configuration as the previous experiments. The results of the parameter estimation are shown in Figure 9 . Figure 9 demonstrates that the inclination angle has a negligible effect on the ability of the EHT to extract hotspots when compared to the Θ = 60 • , again recovering spin to sub-percent precision.
Future systematics to consider
We have shown that the systematics included in this paper does not seem to impact the ability of the EHT to recover hotspot parameters. However, other systematics need to be considered in future work. These include gain errors, refractive scattering, and variable background effects.
Even after array calibration, it is expected that there will be residual 10% gain errors in observations (Event Horizon Telescope Collaboration et al. 2019c; Broderick et al. in prep.) . In Broderick et al. (in prep.) , a gain mitigation technique was developed that was able to marginalize the impact of gains on parameter estimation and was applied in Event Horizon Telescope Collaboration et al. (2019f) and typically increased posterior width by a factor of a few. Extrapolating from Event Horizon Telescope Collaboration et al. (2019f), we do not expect that gains will then provide a significant obstacle to hotspot reconstruction.
While we have included diffractive scattering in this paper, Sgr A* is also refractively scattered (Bower et al. 2006; Johnson et al. 2018) . Refractive scattering effectively adds small scale structure to the movie impacting long-baseline visibilities. However, we don't expect this to form a barrier to hotspot reconstruction for two reasons. One, the timescale of the spot evolution is much shorter than the dynamical time scale of the scattering screen. The scattering timescale set by the orbital motion of the earth around the galactic center and is over hours, while hotspot changes on the order of minutes. Therefore, we can effectively treat the scattering screen as static during a flare. Second, as Figure 10 demonstrates, the scale of the scattering scintillation is typically on much smaller scales than hotspots. This is due to diffractive scattering, which smears the hotspot to scales much larger than the refractive scintillation. Taken together, this suggests that while scattering mitigation is important, it should not significantly alter the results presented in this section.
Sgr A* displays consistent small-scale variability , which is presumed to arise from turbulence and shocks in the accretion disk. General relativistic magnetohydrodynamics (GRMHD) simulations suggest that we consistently expect small-scale fluctuations in the accretion disk. For bright flares, this becomes less significant as a single region presumably dominates the emission. Nevertheless, to model the impact of this, we could include numerous sub-dominant spots, to model GRMHD turbulence, and then only attempt to recover the bright flare. Additionally, we could inject our hotspot model into a GRMHD simulation and then attempt to recover it 6 .
4. SPACETIME TOMOGRAPHY The frequency of flaring states in Sgr A* depends on the wavelength of the observations. At NIR, Sgr A* has a significant flare ∼ 4 times per day (Genzel et al. 2003; Eckart et al. 2006; Meyer et al. 2009 Meyer et al. , 2014 Hora et al. 2014) , while only a quarter of those typically have an X-ray counter part (Baganoff et al. 2001; Eckart et al. 2004; Marrone et al. 2008; Porquet et al. 2008; Do et al. 2009; Neilsen et al. 2013; Mossoux et al. 2015) . Submm occur 1-4 times a day (Marrone2008, Dexter2014). For the EHT however, it is not entirely clear whether the NIR/X-ray or sub-mm rate is relevant, given that the observations are at horizon scales. Either way, for any of the flaring rates of Sgr A*, the EHT will likely capture at least one flare per observational cycle. This implies that the EHT will measure multiple flares in the next few years.
These flares permit the opportunity to reconstruct the spacetime parameters in a position-dependent fashion, e.g., map the spacetime as a function of the initial hotspot radius. The bundle of light rays (i.e., null geodesics) connecting the primary and higher-order images of a given hotspot will pass through different regions of the underlying spacetime for spots launched at different orbital radii. Thus, the black hole mass and spin measurements from subsequent flaring epochs provide a spatially resolved probe of the black hole spacetime. Such a spatially-resolved spacetime probe, or tomographical map of spacetime, provides a natural test of the no-hair theorem. We will explore the limits that can be placed in practice on parameterized deviations from GR in a future publication. One caveat to note is that in this paper we have chosen a typical model for these flares where the initial spot is in the disk. It is possible that the hotspot could form out of the plain of the disk or have significantly different accretion dynamics from those assumed in this paper. While this does mean our tomographical map of spacetime is model dependent, is provides an additional avenue to probe spacetime on event horizon scales. 4.1. Constructing a synthetic tomographical map of spacetime To explore the ability of EHT to perform spacetime tomography, we placed a series of hotspots in a Kerr spacetime varying both the initial radius of the hotspot and the spin of the black hole. Table 11 , lists the radii and spins that were considered. As the initial radius, r 0 , changes, the orbital period varies as well. To ensure that each experiment contains the same hotspot evolution, we restrict all movies to be 2T K (a * , r 0 ) each using 12 frames. Additionally, due to optical depth effects, the brightness of a hotspot will change as the spin and initial radius varies. Therefore, for each movie, we picked the hotspot density normalization, n 0 , such that the brightness was ∼ 0.5 Jy's above the quiescent emission. This ensures our results aren't due to the brightness of the hotspot. The other parameters, Θ, R s , t 0 , φ 0 , α, κ, ξ, were held fixed between experiments and set to the same values in subsection 3.2. Finally, each movie includes a background RIAF and diffractive scattering. Figure 11 , shows how the intensity maps of each movie in Table 11 , with the considerations in the above paragraph. The same subset of frames, in terms of T K , is chosen for each movie. As the initial radius of the spot and spin of the black hole change so does that image by significant amounts. Furthermore, for small r 0 it becomes difficult to see the hotspot after one orbit due to the optical depth of the accretion disk. As we will see below, this can impact the ability of the EHT to recover hotspots close to the black hole. To create the synthetic EHT data, we used the same procedure described in subsection 3.1. Namely, we used the same scan and integration time, observation frequency and bandwidth, and the same MJD and start time of the observation. Due to the movies being different lengths, each observation will have a different number of data points. This is a realistic simulation of actual spot observations since the duration of a flare sets the time interval we are interested in modeling.
Results
For parameter estimation, we used to same procedure described in Section 3.2 and 3.3. The joint probability distributions for each run are shown in Figures 12, 13, and 14 for the spin 0, 0.5, 0.9 cases respectively. Every experiment was able to recover the spot parameters to sub-percent levels using 95% confidence levels about the median of the marginalized posteriors. Furthermore, the peaks of the joint-probability distributions are all statistically consistent with the true values of the model, which is shown by the purple line.
Contrary to naive expectations based on spacetime considerations alone, the estimation of the black hole spin does not substantially improve as the spot moves closer to the black hole. This is because the optical depth from the accretion disk suppresses the intensity of the spot dramatically as it falls past the ISCO. For a * = 0 a * = 0.5 a * = 0.9 Figure 11 . Impact of changing spin parameter (increasing from left to right) and initial radius (increasing from top to bottom) of a shearing hotspot with a RIAF background, with colors in log-scale, showing intensity per pixel. In the top figure each row has a different with values spin = 0, 0.5, 0.9 from top to bottom. The bottom figure shows a different initial radius with values r0 taken from Table 11 , the spin for each spot is 0.5.
spots farther out, more of the hotspot is visible, giving much better constraints on the black hole spin. Fixing the spin, we can associate each flare with a characteristic radius, i.e., the initial radius 7 . The results of each column in Table 11 forms a tomographical map of the given spacetime and is shown in Figure 15 . General relativity predicts that for a given spin, each flare must lie on a horizontal line in Figure 15 . If there was evidence of curvature, either the astrophysical model, e.g., accretion flow dynamics, is incorrect or that nature may deviate from GR near horizon scales.
In summary, we have found that the EHT can tomographically map spacetime and accretion flow dynamics near the event horizon, providing a new test of GR in the strong gravity regime. While this test is not truly 7 While other choices are possible, the initial radius is the simplest and is a model parameter model-independent, it does provide an additional avenue to test the no-hair theorem, independent of others such as the black hole shadow size (Johannsen et al. 2016b; Psaltis et al. 2015 Psaltis et al. , 2016 .
CONCLUSIONS
Resolving structural variability on timescales of minutes to hours presents an opportunity to probe accretion processes and gravity on horizon scales. This is especially true for Sgr A* that displays dramatic flaring events every 1-3 days. Gravity Collaboration et al.
(2018) associated these flares with hotspots in the accretion disk thought to have arisen from magnetic reconnection events in the accretion disk and predicted over a decade ago Broderick & Loeb (2005 . It is expected that these spots will expand and shear as they traverse around the black hole since they are embedded in an accretion flow. Therefore, we introduced a novel spin 0 . 9 8 9 5 0 . 9 9 1 0 0 . 9 9 2 5 0 . 9 9 4 0 κ 0 . 0 4 9 7 5 0 . 0 5 0 0 0 0 . 0 5 0 2 5 0 . 0 5 0 5 0 α 0 . 9 8 9 5 0 . 9 9 1 0 0 . 9 9 2 5 0 . 9 9 4 0 κ r 0 = 3.60M r 0 = 4.23M r 0 = 5.30M r 0 = 6.50M Figure 13 . Joint probability distributions of the spin a * , and two accretion flow parameters α, κ, for the experiments shown for a * = 0.5 and the radii 3.6M, 4.23M, 5.3M, 6.5M .
semi-analytical shearing hotspot model enabling us to perform parameter estimation studies with the EHT. Using the said model, we have shown that the 2017 EHT array can recover the hotspot parameters, such as spin, to sub-percent precision. Without any systematics, 0 . 0 4 9 5 0 . 0 5 0 0 0 . 0 5 0 5 0 . 0 5 1 0 α 0 . 8 9 8 6 0 . 8 9 9 2 0 . 8 9 9 8 0 . 9 0 0 4 0 . 9 0 1 0 spin 0 . 9 8 4 0 . 9 8 8 0 . 9 9 2 0 . 9 9 6 κ 0 . 0 4 9 5 0 . 0 5 0 0 0 . 0 5 0 5 0 . 0 5 1 0 α 0 . 9 8 4 0 . 9 8 8 0 . 9 9 2 0 . 9 9 6 κ r 0 = 1.98M r 0 = 2.33M r 0 = 3.00M r 0 = 4.00M Figure 14 . Joint probability distributions of the spin a * , and two accretion flow parameters α, κ, for the experiments shown for a * = 0.9 and the radii 1.98M, 2.33M, 3M, 4M . Figure 15 . Plots of recovered spin and initial radii parameters of shearing spots, with the effects of diffractive scattering and a background RIAF included.
we were able to recover the spin to 0.1%. Including diffractive scattering and a background accretion flow (see Figure 7) we can recover spin to 0.4%, and were able to show that this results did not depend on the black hole inclination. Furthermore, we were able to recover the spin to 0.05% − 0.5% for variety of different initial radii as can be seen in Figures 12-14 . By combining each of these results, we have demonstrated how observing hotspots naturally leads to a notion of mapping out the radial structure of accretion and spacetime at horizon scales and forming a tomographical map of spacetime.
In future works, we plan to analyze how additional systematics impact the results in this paper. Additionally, hotspots are the not only source of variability in Sgr A*. Turbulence and shocks in the accretion disk are thought to be responsible for most of the small-scale variability seen in Sgr A*. Therefore, we plan on analyzing the impact of such variability on hotspot parameter estimation. Related to this, is exploring whether multiple hotspots could be used to model the turbulence and shocks in GRMHD simulations and their impact on the results in this paper.
